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Outline

• Corrected SEs for two-stage residual inclusion (TSRI)
estimators (individual patient data)

• mrrobust: A Stata package for MR-Egger type regression
models (summary data)
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Part One
Correcting standard errors for two-stage residual inclusion
estimators
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• Mendelian randomization – genotypes as instrumental
variables.

DAG

(COR) (7). Various approaches have been proposed (8–11)
and compared (12, 13) in the statistical, econometric, and
epidemiologic literature, but these often consider only a
binary phenotype. Given the increasing use of Mendelian
randomization (14), epidemiologists need to be aware of
the assumptions required for IV estimation of these causal
parameters.

In this paper, we describe and compare IV estimators of
the CRR and COR. We compare resulting estimates in the
context of an example investigating the effect of body mass
index (BMI; weight (kg)/height (m)2) on the risk of asthma
in children using fat mass and obesity-associated (FTO)
genotypes as an instrument. We investigate reasons for dif-
ferences between estimates using a simulation study based
on the example.

THE IV ASSUMPTIONS

In this section, we describe aspects of causal inference
relevant to IV analysis. We use the following notation: Y
denotes the outcome variable, X the phenotype, Z the IV
(genotype), U a set of unmeasured confounding variables,
and p the probability of the outcome; we also define logit
(p) ¼ log(p/(1 � p)) and its inverse expit(x) ¼ exp(x)/(1 þ
exp(x)). The subscript i denotes an individual.

In the context of Mendelian randomization, the IV as-
sumptions (7), which are common to all IV estimators, state
that genotype should be

1) associated with the phenotype,

2) independent of the unmeasured confounding factors,
and

3) independent of the outcome given the phenotype and
unmeasured confounding factors.

The conditional independencies implied by these assump-
tions can be encoded in a directed acyclic graph (15) as
shown on the left-hand side of Figure 1 (7). Assumption 1
is represented by the arrow between Z and X, while assump-
tions 2 and 3 are encoded by the absence of arrows. The
dotted lines in the directed acyclic graph on the right-hand
side of Figure 1 indicate associations (in either direction)
or associations due to common causes that are excluded. If
measured covariates are controlled for in the analysis, the IV
assumptions are conditional on these.

To draw causal inferences, it is additionally necessary
to make a ‘‘structural’’ assumption, which specifies how
intervention on the phenotype operates on the system of
variables (7, 16). In our context, this says that intervention
does not affect genotype or the confounders and only af-
fects the outcome through the changed value of the phe-
notype (7, 17). Using Pearl’s do() operator to express the
fact that X is set to a particular value as a result of in-
tervention (18) and the symbol ? to denote conditional
independence, the IV and structural assumptions imply
(Figure 2) that

Z ? Y jdoðXÞ: ð1Þ

The property in equation 1 is analogous to the ‘‘exclusion
restriction’’ (17), which has also been described by Hernán
and Robins (9) in terms of potential outcomes. The exclusion
restriction implies the ‘‘conditional mean independence’’ as-
sumption, that under intervention in X the mean of Y is in-
dependent of Z, which is a weaker form of the exclusion
restriction and is sufficient for some estimation approaches.

For a continuous outcome, it is common to target an ‘‘av-
erage causal effect’’ (ACE)—the difference in the expected
value of the outcome for a 1-unit difference in the phenotype:

ACEðx0; x0 þ 1Þ ¼ EðYjdoðX ¼ x0 þ 1ÞÞ � EðYjdoðX ¼ x0ÞÞ:
ð2Þ

ACEs can also be estimated for binary outcomes, in which
case they represent causal risk differences (1). For a binary
outcome, the CRR for a 1-unit change in the phenotype
is defined as the ratio of the probabilities of disease when
X is set to x0 and x0 þ 1:

CRRðx0; x0 þ 1Þ ¼ PðY ¼ 1jdoðX ¼ x0 þ 1ÞÞ
PðY ¼ 1jdoðX ¼ x0ÞÞ

: ð3Þ

Similarly, for a 1-unit change in the phenotype, the COR
is defined as the ratio of the odds of disease when X is set
to x0 and x0 þ 1:

Z X Y

U

G X Y

U

Figure 1. Directed acyclic graph (DAG) encoding the instrumental
variable (IV) assumptions (left) and DAG encoding the IV assump-
tions with excluded associations shown by dotted lines (right). U, un-
measured confounders; X, phenotype; Y, outcome variable; Z,
instrumental variable.

Z do(X) Y

U

Figure 2. Directed acyclic graph representing the exclusion restric-
tion—the instrumental variable assumptions under intervention in X
(denoted do(X)).

CORðx0; x0 þ 1 Þ ¼ PðY ¼ 1jdoðX ¼ x0 þ 1ÞÞPðY ¼ 0jdoðX¼ x0ÞÞ
PðY ¼ 0jdoðX¼ x0 þ 1ÞÞPðY ¼ 1jdoðX¼ x0ÞÞ

:

ð4Þ
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Two-stage predictor substitution (TSPS)

Introduction

Mendelian randomization studies aim to use genotypes as instrumental variables to test

and estimate the causal e↵ect of modifiable exposures on disease related outcomes. [1–4]

A variety of instrumental variable estimators have been described and evaluated for use

with data in a single study. [5–12] A class of semiparametric estimators known as structural

mean models have been found to be most robust to distributional assumptions for binary

outcomes but can have problems with identification. [7,13–16] Therefore, researchers may

wish to fit models which make more distributional assumptions.

One frequently used instrumental variable estimator is two-stage least squares (TSLS).

This is a series of two linear models and is most commonly applied when both the exposure

and outcome variables are continuous. The first stage is a linear regression of the exposure

on the instrumental variables. The second stage is a linear regression of the outcome

on the predicted values of the exposure from the first stage. TSLS is consistent for

the causal e↵ect when all relationships are linear and there are no interactions between

the instrument and unmeasured confounders and between the exposure and unmeasured

confounders. Palmer et al. (2008) investigated two instrumental variable estimators of the

causal odds ratio for a binary outcome the “standard” and “adjusted” logistic instrumental

variable estimators. [17] The standard logistic instrumental variable estimator replaced the

linear regression in the second stage of TSLS with a logistic regression. Such estimators

have been referred to as “two-stage predictor substitution” (TSPS) estimators which are

written as follows, [18]

Stage 1: X = ↵0 + ↵1Z + "1, "1 ⇠ N(0, �2
1) (1)

Stage 2: h(E[Y ]) = �0 + �1
bX (2)

where X represents the exposure variable, Y the outcome variable, Z the instrumental

variable, h() the link function for the appropriate generalised linear model, [19] and "1 the

stage 1 residuals with variance �2
1.

3

TSRI

The adjusted logistic instrumental variable estimator included the first stage residuals

alongside the predicted values of the exposure in the second stage logistic regression. [17]

In the econometrics literature it is more common to fit the second stage of such estima-

tors using the original values of the exposure. [18,9] When the residuals are included as an

additive covariate these estimators have been referred to as “two-stage residual inclusion”

(TSRI) estimators. [18,20,21] If a function of the residuals is included in the second stage

model these estimators have been referred to as control function estimators. [22] There-

fore, the second stage of TSRI estimators considered in this paper can be written as

follows,

Stage 2: h(E[Y ]) = �0 + �1X + �2b"1. (3)

In this paper we use ‘linear/logistic TSRI estimator’ to refer to the estimator using lin-

ear/logistic regression at the second stage (with a linear first stage).

A recent review of Mendelian randomization studies showed that TSRI estimators are

commonly used but are typically being reported with unadjusted or heteroskedasticity

robust standard errors. [23–34]. One indication that this may not be appropriate is that

when TSLS is estimated by fitting the two stages sequentially the standard errors of the

second stage parameter estimates are not correct (Web Appendix 1, Web Figures 1–3). [35]

Interestingly, for the linear TSRI estimator the standard error of the coe�cient on the first

stage residuals is correct. [36] For a binary outcome Newey (1987) developed a correction

to the standard errors of the second stage intercept and causal e↵ect of the Probit TSRI

estimator. [37] More recently Terza (2016) has suggested an alternative correction. [38] The

aim of this paper is to investigate these corrections adapted to the linear and logistic

TSRI estimators.

This paper proceeds by describing the Probit TSRI estimator and Newey’s correction for

its standard errors. We then perform two simulation studies using binary and continuous

outcomes to investigate the performance of the corrected standard errors. We then apply

these corrections to a real data example investigating the causal e↵ect of body-mass index

(BMI) on systolic blood pressure (SBP) and on a binary diabetes status indicator.

4

• If model holds test of β̂2 = 0 is Hausman endogenity test.
• If h() is identity link then β̂TSPS = β̂TSRI

• When h() is a non-collapsible link function β̂TSPS 6= β̂TSRI

• When h() is a non-collapsible link function marginal and
conditional parameter estimates not equal
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Marginal parameter values for the logistic TSPS and TSRI
estimators

Web Appendix 3: Marginal parameter values for the logistic
TSPS and TSRI estimators

Using the notation in Equation 7 and as per the appendix of Palmer et al. (2008) we define
the marginal parameter value (�1m) estimated by the logistic TSPS and TSRI estimators,
and the direct logistic regression below. [17]

�1m = �1
1p

1 + c2V
, where c =

16
p

3

15⇡
. (A18)

Where �2
1 denotes the variance of the residuals in the first stage regression, for the logistic

TSPS estimator V is given by,

V = (�1↵2 + �2)
2 + �2

1�
2
1. (A19)

For the logistic TSRI estimator V is given by,

V = (�1↵2 + �2)
2 + �2

1�
2
1 �

(↵2(�1↵2 + �2) + �1�
2
1)

2

↵2
2 + �2

1

. (A20)

For the direct logistic regression of Y on X we need, where pg is the minor allele frequency
of the genetic variant used as the single instrumental variable and �1c is the value of the
conditional e↵ect for the other two estimators (i.e. set as 1 in these simulations),

Vg = 2pg(1 � pg) (A21)

�1 = �1c +
↵2�2

↵2
1Vg + ↵2

2 + �2
1

(A22)

V = (↵1�1c)
2Vg + (�1c↵2 + �2)

2 + �2
1c�

2
1 �

(↵2
1�1cVg + ↵2(�1c↵2 + �2) + �1c�

2
1)

2

↵2
1Vg + ↵2

2 + �2
1

. (A23)

The values of �1m and �1c for the three estimators are shown in Figure 4. The marginal
TSRI estimate is much closer to the conditional value of 1 than the marginal TSPS
estimate.

A11

Different estimators require different Vs.
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Web Figure 4: Values of the marginal (M) and conditional (C) parameters of the direct
logistic regression of Y on X, logistic two-stage predictor substitution (TSPS), and logistic
two-stage residual inclusion (TSRI) estimators used in the simulations.

A12
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• If fitting TSPS and TSRI manually we need to be aware that
the second stage SEs will not be correct.

• Intuitively we need to incorporate uncertainty from both
stages of estimation
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The difference between unadjusted and corrected standard
errors for TSRI estimators – linear outcome model

Web Appendix 1: The di↵erence between unadjusted and cor-
rected standard errors for TSRI estimators

Linear estimators

We consider the case of two-stage least squares. The true underlying model for the data
is,

gi ⇠ Binomial(2, pg)

xi = ↵0 + ↵1gi + "1i,

yi = �0 + �1xi + "2i,

✓
"1

"2

◆
⇠ MVN

✓
0,


1 ⇢
⇢ 1

�◆
(A9)

However, the models fitted in TSLS estimation are,

xi = ↵0 + ↵1gi + "3i (A10)

yi = �0 + �1bxi + "4i (A11)

After the fitting the second stage manually the variance of our vector of causal e↵ect
estimates b� is given below, where bX denotes a matrix made up of the predicted values of
X and a column of 1s for the intercept, N the number of observations and k the number
of covariates,

var(b�) = s2( bX 0 bX)�1 (A12)

where s2 =

PN
i=1 (Y � bX b�)2

(N � k)
. (A13)

This gives us incorrect standard errors on our causal e↵ects because s2 is in terms of bX
whereas our causal model is in terms of X. Hence the corrected variance of b� is given
by,

s2 =

PN
i=1 (Y � X b�)2

N
. (A14)

By comparing the numerators of the two terms for s2 it is apparent that the corrected
standard errors will be similar to the uncorrected standard errors when bX are close to
their observed values X.

We simulated data based on Equation A9 using pg = 0.3, ↵0 = 0, ↵1 = 1, �0 = 0, and
�1 = 1. Figure 1a shows that the corrected (TSLS) standard errors are larger than TSPS
unadjusted standard errors for ⇢ < �0.5 and that the corrected standards are always
larger than TSRI unadjusted standard errors, this second curve being symmetrical about
⇢ = 0 and only starts to reach ratios above 1.1 for |⇢| > 0.5.

Figure 1b shows that in the simulations in the main text the corrected standard errors were
always less than the TSPS unadjusted standard errors. For ↵2 = 0, i.e. no unmeasured
confounding in the first stage model, the corrected standard errors were the same as the
TSRI unadjusted standard errors, for all other values of ↵2 the corrected standard errors
were up to 3.5 times larger.

A2
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A2
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A2

Correction implemented in tsls() function in R sem package
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Ratio of TSLS SEs to unadjusted TSPS and TSRI SEs
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(a) Average SEs in simulations with N=1 000 using 50 replications.
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(b) Average SEs in the linear simulations with N=1 000.

Web Figure 1: Ratio of TSLS SEs to unadjusted TSPS and TSRI SEs (SE: standard error;
TSLS: two-stage least squares; TSPS: two-stage predictor substitution; TSRI: two-stage
residual inclusion).
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Ratio of TSLS SEs to unadjusted TSPS and TSRI SEs
(a) Average SEs in simulations with N=1 000 using 50 replications.
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(b) Average SEs in the linear simulations with N=1 000.

Web Figure 1: Ratio of TSLS SEs to unadjusted TSPS and TSRI SEs (SE: standard error;
TSLS: two-stage least squares; TSPS: two-stage predictor substitution; TSRI: two-stage
residual inclusion).
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Will consider several methods of correcting the SE
• BS 1: Bootstrapping second stage
• BS 2: Bootstrapping both first and second stages jointly
• Newey: method proposed in context of probit regression
• Terza 1 & 2: Recently proposed analytical correction
• Researchers currently often specify heteroskedasticity robust

SEs at second stage - as think this may be an informal
correction.
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Applied example: effect of BMI on SBP and Diabetes

• 17057 participants from 6 propestive cohorts
• Externally weighted allele score was constructed out of the

variants for BMI
• Continuous outcome: Systolic blood pressure (SBP; mmHg)
• Binary outcome: Diabetes (sample prevalence 14%)
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Odds ratios for DiabetesTables

Table 1: Estimates of the causal odds ratios for diabetes for a one unit increase in
body mass index across 6 cohorts ARIC, CHS, CARDIA, FHS, MEDAL, and MESA
(All N=17 057).

Estimator SE (log OR scale) z OR 95% CI

Direct logistic 0.004 29.6 1.14 1.13, 1.15
Logistic TSPS (Stage 1: F=119, R2=0.007) 0.056 4.96 1.32 1.19, 1.48
Logistic TSRI (unadjusted SE) 0.058 4.79 1.32 1.18, 1.48
Logistic TSRI (robust SE) 0.057 4.86 1.32 1.18, 1.47
Logistic TSRI (TSPS unadjusted SE) 0.056 4.96 1.32 1.18, 1.47
Logistic TSRI (BS 1) 0.057 4.80 1.32 1.18, 1.48
Logistic TSRI (BS 2) 0.061 4.50 1.32 1.17, 1.49
Logistic TSRI (Newey SE) 0.059 4.71 1.32 1.17, 1.48
Logistic TSRI (Terza SE 1) 0.057 4.83 1.32 1.18, 1.47
Logistic TSRI (Terza SE 2) 0.059 4.77 1.32 1.18, 1.48
Logistic SMM 0.101 3.26 1.39 1.19, 1.59
Probit TSRI (on OR scale) 0.090 4.74 1.28 1.15, 1.42

SEs given on log odds ratio scale. Bootstrapping using 500 replications (BS: boot-
strap, CI: confidence interval, IV: instrumental variable, OR: odds ratio, SE: stan-
dard error, SMM: structural mean model, TSPS: two-stage predictor substitution,
TSRI: two-stage residual inclusion).

Table 2: Estimates of the causal e↵ect of a one unit increase in body mass index on
systolic blood pressure (mmHg) across 6 cohorts ARIC, CHS, CARDIA, FHS, MEDAL,
and MESA (All N=17 057).

Estimator SE Estimate 95% CI

Direct linear 0.031 0.76 0.70, 0.82
TSLS (Stage 1: F=119, R2=0.007) 0.374 0.36 -0.37, 1.10
TSPS (unadjusted SE) 0.378 0.36 -0.38, 1.11
Linear TSRI (unadjusted SE) 0.372 0.36 -0.37, 1.09
Linear TSRI (robust SE) 0.370 0.36 -0.36, 1.09
Linear TSRI (TSPS unadjusted SE) 0.378 0.36 -0.38, 1.11
Linear TSRI (BS 1 SE) 0.376 0.36 -0.37, 1.10
Linear TSRI (BS 2 SE) 0.384 0.36 -0.39, 1.12
Linear TSRI (Newey SE) 0.374 0.36 -0.37, 1.10
Linear TSRI (Terza SE 1) 0.370 0.36 -0.36, 1.09
Linear TSRI (Terza SE 2) 0.372 0.36 -0.37, 1.09

Bootstrapping using 500 replications (BS: bootstrap, CI: confidence interval, SE:
standard error, TSLS: two-stage least squares, TSRI: two-stage residual inclusion).
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Estimates for SBP

Tables

Table 1: Estimates of the causal odds ratios for diabetes for a one unit increase in
body mass index across 6 cohorts ARIC, CHS, CARDIA, FHS, MEDAL, and MESA
(All N=17 057).

Estimator SE (log OR scale) z OR 95% CI

Direct logistic 0.004 29.6 1.14 1.13, 1.15
Logistic TSPS (Stage 1: F=119, R2=0.007) 0.056 4.96 1.32 1.19, 1.48
Logistic TSRI (unadjusted SE) 0.058 4.79 1.32 1.18, 1.48
Logistic TSRI (robust SE) 0.057 4.86 1.32 1.18, 1.47
Logistic TSRI (TSPS unadjusted SE) 0.056 4.96 1.32 1.18, 1.47
Logistic TSRI (BS 1) 0.057 4.80 1.32 1.18, 1.48
Logistic TSRI (BS 2) 0.061 4.50 1.32 1.17, 1.49
Logistic TSRI (Newey SE) 0.059 4.71 1.32 1.17, 1.48
Logistic TSRI (Terza SE 1) 0.057 4.83 1.32 1.18, 1.47
Logistic TSRI (Terza SE 2) 0.059 4.77 1.32 1.18, 1.48
Logistic SMM 0.101 3.26 1.39 1.19, 1.59
Probit TSRI (on OR scale) 0.090 4.74 1.28 1.15, 1.42

SEs given on log odds ratio scale. Bootstrapping using 500 replications (BS: boot-
strap, CI: confidence interval, IV: instrumental variable, OR: odds ratio, SE: stan-
dard error, SMM: structural mean model, TSPS: two-stage predictor substitution,
TSRI: two-stage residual inclusion).

Table 2: Estimates of the causal e↵ect of a one unit increase in body mass index on
systolic blood pressure (mmHg) across 6 cohorts ARIC, CHS, CARDIA, FHS, MEDAL,
and MESA (All N=17 057).

Estimator SE Estimate 95% CI

Direct linear 0.031 0.76 0.70, 0.82
TSLS (Stage 1: F=119, R2=0.007) 0.374 0.36 -0.37, 1.10
TSPS (unadjusted SE) 0.378 0.36 -0.38, 1.11
Linear TSRI (unadjusted SE) 0.372 0.36 -0.37, 1.09
Linear TSRI (robust SE) 0.370 0.36 -0.36, 1.09
Linear TSRI (TSPS unadjusted SE) 0.378 0.36 -0.38, 1.11
Linear TSRI (BS 1 SE) 0.376 0.36 -0.37, 1.10
Linear TSRI (BS 2 SE) 0.384 0.36 -0.39, 1.12
Linear TSRI (Newey SE) 0.374 0.36 -0.37, 1.10
Linear TSRI (Terza SE 1) 0.370 0.36 -0.36, 1.09
Linear TSRI (Terza SE 2) 0.372 0.36 -0.37, 1.09

Bootstrapping using 500 replications (BS: bootstrap, CI: confidence interval, SE:
standard error, TSLS: two-stage least squares, TSRI: two-stage residual inclusion).
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Binary outcome simulations

estimate ± 1.96 ⇥ standard error.

Simulations

Logistic model simulations

Data were simulated using the basic model proposed in Palmer et al. (2008) but modifying

the parameter values. [17] Specifically the data generation model was as follows where index

i represents an observation and logit(pi) = log(pi/(1 � pi)).

gi ⇠ Binomial(2, 0.3)

ui ⇠ N(0, 1) – representing the unmeasured confounding,

xi ⇠ ↵0 + ↵1gi + ↵2ui + "1i, "1i ⇠ N(0, 1)

logit(pi) = �0 + �1xi + �2ui

yi ⇠ Binomial(1, pi)

↵0 = 0, ↵1 = 1, ↵2 = {0, 2, 4, 6, 8}, �0 = log(0.05/0.95), �1 = 1, �2 = [0, 3] (7)

Data were simulated for sample sizes of 1 000 and 5 000 and each scenario of values of ↵2

and �2, representing the e↵ects of the unobserved confounding, was repeated 500 times.

A number of di↵erent estimators were fitted to the data; the direct logistic regression of

Y on X, the logistic TSPS, the logistic TSRI with unadjusted, robust, Newey, Terza 1

and 2, TSPS, and BS 1 and 2 standard errors. We also investigated the logistic structural

mean model (LSMM) estimated via the generalized method of moments (GMM) [56] and

the rescaled Probit estimator with Newey standard errors.

In these simulations, with sample size 1 000 for the first stage model, the average F

statistics were 422, 85, 25, 12, and 7 and the average R2 statistics were 0.30, 0.08, 0.02,

0.01, and 0.007 when ↵2 was equal to 0, 2, 4, 6, and 8 respectively. With a sample size of

5 000 the average F statistics increased to 2104, 421, 125, 57, and 33 and the average R2

8
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Coverage of the logistic TSRI estimators for N = 1000 with respect to the conditional

parameter, β1 = 1. Panels correspond to α2 being set to the following values A:0, B:2,

C:4, D:6, and E:8
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Coverage of the logistic TSRI estimators for N = 1000 with respect to the marginal

parameter. Panels correspond to α2 being set to the following values A:0, B:2, C:4, D:6,

and E:8.
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Type I error of the logistic TSRI estimators for N = 1000. Panels correspond to α2 being

set to the following values A:0, B:2, C:4, D:6, and E:8.
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Continuous outcome simulations

statistics were the approximately the same.

Type I error was assessed by generating the data with �1 set to 0, i.e. which corresponds

to the null hypothesis of no causal e↵ect, and counting the percentage of simulations for

which the particular estimator gave a p-value less than 0.05. Coverage was defined as a

95% confidence interval including the value of either the conditional or marginal value of

�1. Marginal values of �1 for the estimators were obtained using the adjustments detailed

in the Appendix of Palmer et al. [17] (and Web Appendix 3, Web Figure 4). Simulations

were performed in Stata (version 14.1). [54]

Linear model simulations

For a continuous outcome the simulations were modified as follows.

yi ⇠ �0 + �1xi + �2ui + "2i, "2i ⇠ N(0, 1)

↵0 = 0, ↵1 = 1, ↵2 = {0, 2, 4, 6, 8}, �0 = 0, �1 = 1, �2 = [0, 3] (8)

For a linear second stage model the conditional and marginal parameter values are the

same. Type I error was assessed by setting �1 to 0. A number of linear estimators

were fitted to the data; the direct linear regression of Y on X, TSLS with adjusted

and unadjusted (i.e. TSPS) standard errors, the linear TSRI estimator with unadjusted,

robust, Newey, Terza 1 and 2, TSLS, and BS 1 and 2 standard errors.

Results

Logistic model simulations

Figure 1 and Web Figure 5 show that with respect to the conditional parameter (�1 = 1)

all estimators have low coverage at some point in the simulations. This is mainly because

of the bias in the parameter estimates. The conditional coverage of several estimators

9
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Coverage of the linear TSRI estimators for N = 1 000. Panels correspond to α2 being set

to the following values A:0, B:2, C:4, D:6, and E:8.
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Type I error of the linear TSRI estimators for N = 1000. Panels correspond to α2 being set

to the following values A:0, B:2, C:4, D:6, and E:8.
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Comparing corrected and unadjusted SEs for logistic estimators
Logistic estimators

For the theoretical example for the logistic estimators we use the following model,

gi ⇠ Binomial(2, pg)

xi = ↵0 + ↵1gi + "1i,

log

✓
pi

1 � pi

◆
= �0 + �1xi + "2i,

yi ⇠ Bernoulli(pi).

✓
"1

"2

◆
⇠ MVN

✓
0,


1 ⇢
⇢ 1

�◆
(A15)

For logistic regression the variance of the parameter estimates is given by the following;
where X is the design matrix of covariates including a vector of 1s for the intercept, IN

is an N by N identity matrix, bp is a vector of predicted probabilities of the outcome
from the model, � denotes element-wise multiplication, and diag() extracts the diagonal
elements of a matrix,

var(b�) = (X 0V X)�1 (A16)

V = IN � diag(bp(1 � bp)0). (A17)

Hence, the variance of the estimates is a↵ected by the values of the covariates in the
model and also by the predicted probabilites of the outcome. The variance is maximised
for predicted probabilities at 50%. Hence, it might be reasonable to expect the di↵er-
ence between the unadjusted and corrected TSRI standard errors to be greatest when the
standard errors are greatest (i.e. for prevalences around 50%) and also when the unmea-
sured confounding is stronger (since this would mean there is more uncertainty around
the predicted values of the first stage residuals).

This can be seen in Figure 2 which shows results for data simulated under the model in
Equation A15 setting pg = 0.3, ↵0 = 0, ↵1 = 1, and �1 = 1. The value of �0 was set
from -5 to 3 to change the prevalence of the outcome from around 0.7% up to around
95%. In general the unadjusted standard errors are closer to the Newey standard errors
when the prevalence is further away from 50%. The TSRI unadjusted standard errors are
closer to the Newey standard errors than the TSPS unadjusted standard errors. The ratio
of the Newey standard errors to the TSRI unadjusted standard errors is approximately
symmetric about ⇢ = 0 whereas the ratio of the Newey standard errors to the unadjusted
TSPS standard errors is constant or reaches a minimum for ⇢ < �0.5 and then increases
as ⇢ increases.

Figure 3 shows the ratio of the Newey standard errors to the unadjusted TSPS and TSRI
standard errors in the simulations in the main text with N=1 000. For ↵2 = 0 all three
standard errors are approximately equal. For the other values of ↵2 the Newey standard
errors larger than both the unadjusted standard errors. The unadjusted TSRI standard
errors are closer to Newey standard errors than the TSPS unadjusted standard errors.
Plots using Terza 1 and 2 standard errors were very similar.
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Ratio of logistic TSRI Newey SEs to unadjusted logistic TSPS and TSRI SEs. These are

average SEs in simulations with N=1000 using 50 replications.
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Web Figure 2: Ratio of logistic TSRI Newey SEs to unadjusted logistic TSPS and TSRI
SEs. These are average SEs in simulations with N=1 000 using 50 replications (SE:
standard error; TSLS: two-stage least squares; TSPS: two-stage predictor substitution;
TSRI: two-stage residual inclusion).

Web Figure 3: Ratio of logistic TSRI Newey SEs to unadjusted logistic TSPS and TSRI
SEs in the logistic simulations with N=1 000 (SE: standard error; TSLS: two-stage least
squares; TSPS: two-stage predictor substitution; TSRI: two-stage residual inclusion).
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Ratio of logistic TSRI Newey SEs to unadjusted logistic TSPS and TSRI SEs in the

logistic simulations with N=1000.

Web Figure 2: Ratio of logistic TSRI Newey SEs to unadjusted logistic TSPS and TSRI
SEs. These are average SEs in simulations with N=1 000 using 50 replications (SE:
standard error; TSLS: two-stage least squares; TSPS: two-stage predictor substitution;
TSRI: two-stage residual inclusion).

0
1

2
3

4
5

6
0

1
2

3
4

5
6

0 1 2 3 0 1 2 3

α2=0 α2=2 α2=4

α2=6 α2=8

SE(Newey)/SE(TSPS unadj.) SE(Newey)/SE(TSRI unadj.)

R
at

io
 o

f S
E

s

β2

Web Figure 3: Ratio of logistic TSRI Newey SEs to unadjusted logistic TSPS and TSRI
SEs in the logistic simulations with N=1 000 (SE: standard error; TSLS: two-stage least
squares; TSPS: two-stage predictor substitution; TSRI: two-stage residual inclusion).
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Part Two
mrrobust: A Stata package for MR-Egger type regression models
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• http://www.mrbase.org

• Hemani et al. The MR-Base Collaboration. MR-Base: a
platform for systematic causal inference across the phenome
using billions of genetic associations. bioRxiv.

• Two-sample Mendelian randomization
• Single genotype:

β =
genotype-disease: sample 1

genotype-phenotype: sample 2
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Multiple genotypes – Inverse variance weighted regression:

2 
 

sufficient statistical power to test hypotheses of interest7, 8. One approach to increase the 

statistical power of Mendelian randomization studies is to use multiple genetic variants as 

instruments within a two-sample summary framework6, 9. Estimates of the effect of the 

exposure can be obtained using instrument-exposure and instrument-outcome associations 

from different samples. One approach is to use methods originally developed for meta-

analysis6, 9. Certain two-sample summary MR estimators, such as MR-Egger and median 

based regression, are robust to certain forms of violation of third instrumental variable 

assumption.6, 10, 11 12. Such developments have contributed to the increasing popularity of 

two-sample summary MR5. 

This paper introduces the mrrobust Stata package as a tool for performing two-sample 

summary MR analyses. The mrrobust package addresses is a tool to help researchers 

implement two-sample MR analyses, and can be viewed as the Stata counterpart to toolkits 

such as the MendelianRandomization R package. Before continuing, we briefly outline the 

three primary estimation methods included in the mrrobust package, using notation Bowden 

et al10, 12. 

Inverse variance weighting (IVW) 

To perform IVW a weighted average �̂�𝐼𝑉𝑊 is calculated using the set of ratio estimates �̂�𝐽 for 

each individual variant 𝐽 = 1,2, … , 𝑗 9. Let 𝛾𝑗 and 𝜎𝑌𝑗
2  denote the instrument-outcome 

association and variance respectively for the 𝑗𝑡ℎ variant. The IVW estimate is then defined as: 

�̂�𝐼𝑉𝑊 =
∑ 𝑤𝑗�̂�𝑗

𝐽
𝑗=1

∑ 𝑤𝑗
𝐽
𝑗=1

, 𝑤𝑗 =
𝛾𝑗

2

𝜎𝑌𝑗
2  

This corresponds to a linear regression of the set of instrument-outcome associations upon the 

set of instrument-exposure associations, constraining the intercept at the origin9. One 

drawback of the IVW approach is that causal effect estimates are biased in cases where one 

or more variants exhibit directional pleiotropy9. 

MR-Egger regression 

MR-Egger regression is valid under weaker assumptions than the IVW. It can provide 

unbiased causal effect estimates even if the variants have pleiotropic  effects. In this case, the 

set of instrument-outcome associations is regressed upon the set of instrument-exposure 

associations, weighting the regression using precision of the instrument-outcome associations 30 / 42



Multiple genotypes – MR-Egger regression (Bowden et al., IJE,
2015)
Assumptions:
• INstrument Strength Independent of Direct Effect (InSIDE) –

instrument-exposure and pleiotropic association parameters
independent.

• Under InSIDE, estimates for variants with stronger
instrument-exposure associations γ̂j will be closer to the true
causal effect parameter than variants with weaker
associations.

• NO Measurement Error (NOME) – requires no measurement
error to be present in the instrument-exposure associations.
This allows the variance in the set of variants J to be
estimated as var(β̂j) =

σ2
Yj
γ̂j

.
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Multiple genotypes – MR-Egger regression (Bowden et al., IJE,
2015)
Γj : genotype-disease coefficients
γj : genotype-phenotype coefficients

Γ̂j = β0 + β1γ̂j + εj , εj ∼ N(0, σ2) weighted by σ−2
yj

• MR-Egger intercept: average directional pleiotropic effect
across the set of variants

• MR-Egger slope: corrected causal effect estimate
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Software implementations

• MendelianRandomization R package on CRAN (Yavorska &
Burgess, IJE, 2017)

• TwoSampleMR R package related to MR-Base
(https://mrcieu.github.io/TwoSampleMR)
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• mrrobust Stata package:
• IVW and MR-Egger regression approaches, including fixed

effects MR-Egger regression, standard error correction, and
weighting options.

• Unweighted, weighted and penalized weighted median IV
estimators, providing pleiotropy robust estimates in cases
where fewer than 50% of the genetic instruments are invalid.

• Presentation of heterogeneity statistics, and statistics such as
I2
GX for use in assessing attenuation bias.

• Plotting tools to visualise IVW, MR-Egger, and weighted
median estimators.

• Illustrative examples and documentation using data from Do et
al. Nat Gen, 2013.
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I2
GX statistic

• NOME violated - individual variants suffer from weak
instrument bias – attenuation of MR Egger estimates to the
null.

• Assess NOME assumption with I2
GX statistic, Bowden et al.,

IJE, 2016. I2
GX =

σ2
γ

σ2
γ+s2 ; βE = βI2

GX

σ2
γ : variance of true genotype-exposure associations

s2: additional variability among γ̂j (due to ME)
• Degree of attenuation bias in the MR Egger estimate.
• I2

GX of 0.7 represents an estimated relative bias of 30%
towards the null.

• I2
GX low use SIMEX or Bayesian error in variables methods.
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Applied Example: Adiposity and Rheumatoid Arthritis

Median estimators are reliant upon the proportion of valid
instruments being greater than 50%.
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Figure 1: Scatterplot showing ratio estimates for each variant and MR estimates. 

 
 

Discussion 

The mrrobust Stata package brings together a number of summary MR estimation methods, 

facilitating their use in examining causal relationships. In the applied example, the mrrobust 

package was able to provide a series of estimates, finding no evidence of a causal relationship 

between adiposity and rheumatoid arthritis. It is important, however, to consider the extent to 

which Mendelian randomization is appropriate for a given analysis, and by extension 

situations in which mrrobust is suitable. 

Initially, the extent to which IVW, MR Egger, and median approaches are useful is dependent 

upon the instrumental variable assumptions underpinning the analysis. In selecting variants, it 

is important not only to select variants associated with the exposure (the first instrumental 

variable assumption), but also consider associations between variants through LD (IV2). 

With respect to violations of IV3, MR Egger and median approaches are robust to violations 

of IV3 in specific contexts. In the case of MR Egger regression, it is important that both 

InSIDE and NOME hold, whilst median methods are reliant upon the number of valid 

instruments being greater than 50%. In cases where the value of 𝐼𝐺𝑋2  is low, it is possible to 
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Summary

• Corrected SEs for TSRI estimators
• Bootstrap both stages, Newey, or Terza SEs have best

properties
• Avoid using heteroskedasticity robust SEs second stage

• mrrobust Stata package:
• IVW, MR-Egger, Median sensitivity analysis models
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Thanks for your attention.

Any questions?
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