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Outline

• Corrected SEs for two-stage residual inclusion (TSRI)

estimators (individual patient data)

• mrrobust: A Stata package for MR-Egger type regression

models (summary data)
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Part One

Correcting standard errors for two-stage residual inclusion

estimators
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• Mendelian randomization – genotypes as instrumental

variables.
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• Mendelian randomization – genotypes as instrumental

variables.
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Two-stage predictor substitution (TSPS)

Stage 1: X = α0 + α1Z + ε1, ε1 á N(0, σ2
1) (

Stage 2: h(E[Y ]) = β0 + β1
bX

TSRI

Stage 2: h(E[Y ]) = β0 + β1X + β2bε1.

• If model holds test of β̂2 = 0 is Hausman endogenity test.

• If h() is identity link then β̂TSPS = β̂TSRI

• When h() is a non-collapsible link function β̂TSPS 6= β̂TSRI

• When h() is a non-collapsible link function marginal and

conditional parameter estimates not equal
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Marginal parameter values for the logistic TSPS and TSRI

estimators

β1m = β1
1√

1 + c2V
, where c =

16
√
3

15π
.

Different estimators require different Vs.
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• If fitting TSPS and TSRI manually we need to be aware that

the second stage SEs will not be correct.

• Intuitively we need to incorporate uncertainty from both

stages of estimation
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The difference between unadjusted and corrected standard

errors for TSRI estimators – linear outcome model

gi á Binomial(2, pg)

xi = α0 + α1gi + ε1i,

yi = β0 + β1xi + ε2i,

7
ε1
ε2

ç
á MVN

7
0,

ÿ
1 ρ
ρ 1

�ç

xi = α0 + α1gi + ε3i

yi = β0 + β1bxi + ε4i
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After the second stage of manual estimation we have

var(bβ) = s2( bX 0 bX)�1

where s2 =

PN

i=1 (Y � bX bβ)2
(N � k)

.

However the causal model is in terms of X not X̂ , and so we need

s2 =

PN

i=1 (Y �X bβ)2
N

.

Correction implemented in tsls() function in R sem package
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Ratio of TSLS SEs to unadjusted TSPS and TSRI SEs
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Ratio of TSLS SEs to unadjusted TSPS and TSRI SEs

(a) Average SEs in simulations with N=1000 using 50 replications.

0
1

2
3

4
0

1
2

3
4

0 1 2 3 0 1 2 3

³2=0 ³2=2 ³2=4

³2=6 ³2=8

SE(TSLS)/SE(TSPS unadj.) SE(TSLS)/SE(TSRI unadj.)

R
at

io
 o

f S
E

s

´2

(b) Average SEs in the linear simulations with N=1000.
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Will consider several methods of correcting the SE

• BS 1: Bootstrapping second stage

• BS 2: Bootstrapping both first and second stages jointly

• Newey: method proposed in context of probit regression

• Terza 1 & 2: Recently proposed analytical correction

• Researchers currently often specify heteroskedasticity robust

SEs at second stage - as think this may be an informal

correction.
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Applied example: effect of BMI on SBP and Diabetes

• 17057 participants from 6 propestive cohorts

• Externally weighted allele score was constructed out of the

variants for BMI

• Continuous outcome: Systolic blood pressure (SBP; mmHg)

• Binary outcome: Diabetes (sample prevalence 14%)
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Odds ratios for Diabetes

Table 1: Estimates of the causal odds ratios for diabetes for a one unit increase in
body mass index across 6 cohorts ARIC, CHS, CARDIA, FHS, MEDAL, and MESA
(All N=17 057).

Estimator SE (log OR scale) z OR 95% CI

Direct logistic 0.004 29.6 1.14 1.13, 1.15
Logistic TSPS (Stage 1: F=119, R2=0.007) 0.056 4.96 1.32 1.19, 1.48
Logistic TSRI (unadjusted SE) 0.058 4.79 1.32 1.18, 1.48
Logistic TSRI (robust SE) 0.057 4.86 1.32 1.18, 1.47
Logistic TSRI (TSPS unadjusted SE) 0.056 4.96 1.32 1.18, 1.47
Logistic TSRI (BS 1) 0.057 4.80 1.32 1.18, 1.48
Logistic TSRI (BS 2) 0.061 4.50 1.32 1.17, 1.49
Logistic TSRI (Newey SE) 0.059 4.71 1.32 1.17, 1.48
Logistic TSRI (Terza SE 1) 0.057 4.83 1.32 1.18, 1.47
Logistic TSRI (Terza SE 2) 0.059 4.77 1.32 1.18, 1.48
Logistic SMM 0.101 3.26 1.39 1.19, 1.59
Probit TSRI (on OR scale) 0.090 4.74 1.28 1.15, 1.42

SEs given on log odds ratio scale. Bootstrapping using 500 replications (BS: boot-
strap, CI: confidence interval, IV: instrumental variable, OR: odds ratio, SE: stan-
dard error, SMM: structural mean model, TSPS: two-stage predictor substitution,
TSRI: two-stage residual inclusion).
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Estimates for SBP

Table 2: Estimates of the causal effect of a one unit increase in body mass index on
systolic blood pressure (mmHg) across 6 cohorts ARIC, CHS, CARDIA, FHS, MEDAL,
and MESA (All N=17 057).

Estimator SE Estimate 95% CI

Direct linear 0.031 0.76 0.70, 0.82
TSLS (Stage 1: F=119, R2=0.007) 0.374 0.36 -0.37, 1.10
TSPS (unadjusted SE) 0.378 0.36 -0.38, 1.11
Linear TSRI (unadjusted SE) 0.372 0.36 -0.37, 1.09
Linear TSRI (robust SE) 0.370 0.36 -0.36, 1.09
Linear TSRI (TSPS unadjusted SE) 0.378 0.36 -0.38, 1.11
Linear TSRI (BS 1 SE) 0.376 0.36 -0.37, 1.10
Linear TSRI (BS 2 SE) 0.384 0.36 -0.39, 1.12
Linear TSRI (Newey SE) 0.374 0.36 -0.37, 1.10
Linear TSRI (Terza SE 1) 0.370 0.36 -0.36, 1.09
Linear TSRI (Terza SE 2) 0.372 0.36 -0.37, 1.09

Bootstrapping using 500 replications (BS: bootstrap, CI: confidence interval, SE:
standard error, TSLS: two-stage least squares, TSRI: two-stage residual inclusion).
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Binary outcome simulations

gi ∼ Binomial(2, 0.3)

ui ∼ N(0, 1) – representing the unmeasured confounding,

xi ∼ α0 + α1gi + α2ui + ε1i, ε1i ∼ N(0, 1)

logit(pi) = β0 + β1xi + β2ui

yi ∼ Binomial(1, pi)

α0 = 0, α1 = 1, α2 = {0, 2, 4, 6, 8}, β0 = log(0.05/0.95), β1 = 1, β2 = [0, 3]
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Coverage of the logistic TSRI estimators for N = 1000 with respect to the conditional

parameter, β1 = 1. Panels correspond to α2 being set to the following values A:0, B:2,

C:4, D:6, and E:8
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Coverage of the logistic TSRI estimators for N = 1000 with respect to the marginal

parameter. Panels correspond to α2 being set to the following values A:0, B:2, C:4, D:6,

and E:8.
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Type I error of the logistic TSRI estimators for N = 1000. Panels correspond to α2 being

set to the following values A:0, B:2, C:4, D:6, and E:8.
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Continuous outcome simulations

yi á β0 + β1xi + β2ui + ε2i, ε2i á N(0, 1)

α0 = 0, α1 = 1, α2 = {0, 2, 4, 6, 8}, β0 = 0, β1 = 1, β2 = [0, 3]
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Coverage of the linear TSRI estimators for N = 1 000. Panels correspond to α2 being set

to the following values A:0, B:2, C:4, D:6, and E:8.
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Type I error of the linear TSRI estimators for N = 1000. Panels correspond to α2 being set

to the following values A:0, B:2, C:4, D:6, and E:8.
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Comparing corrected and unadjusted SEs for logistic estimators

gi á Binomial(2, pg)

xi = α0 + α1gi + ε1i,

log

7
pi

1� pi

ç
= β0 + β1xi + ε2i,

yi á Bernoulli(pi).

7
ε1
ε2

ç
á MVN

7
0,

ÿ
1 ρ
ρ 1

�ç

var(bβ) = (X 0V X)�1

V = IN � diag(bp(1� bp)0).
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Ratio of logistic TSRI Newey SEs to unadjusted logistic TSPS and TSRI SEs. These are

average SEs in simulations with N=1000 using 50 replications.
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Web Figure 2: Ratio of logistic TSRI Newey SEs to unadjusted logistic TSPS and TSRI
SEs. These are average SEs in simulations with N=1000 using 50 replications (SE:
standard error; TSLS: two-stage least squares; TSPS: two-stage predictor substitution;
TSRI: two-stage residual inclusion).
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Ratio of logistic TSRI Newey SEs to unadjusted logistic TSPS and TSRI SEs in the

logistic simulations with N=1000.
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Web Figure 3: Ratio of logistic TSRI Newey SEs to unadjusted logistic TSPS and TSRI
SEs in the logistic simulations with N=1000 (SE: standard error; TSLS: two-stage least
squares; TSPS: two-stage predictor substitution; TSRI: two-stage residual inclusion).
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Part Two

mrrobust: A Stata package for MR-Egger type regression models
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• http://www.mrbase.org

• Hemani et al. The MR-Base Collaboration. MR-Base: a

platform for systematic causal inference across the phenome

using billions of genetic associations. bioRxiv.

• Two-sample Mendelian randomization

• Single genotype:

β =
genotype-disease: sample 1

genotype-phenotype: sample 2
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Multiple genotypes – Inverse variance weighted regression:

 ����� ��� � = 1,2, & , �  ��� ���2 ��/
����� = 3 �������=13 ����=1 , �� = ���2���2  
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Multiple genotypes – MR-Egger regression (Bowden et al., IJE,

2015)

Assumptions:

• INstrument Strength Independent of Direct Effect (InSIDE) –

instrument-exposure and pleiotropic association parameters

independent.

• Under InSIDE, estimates for variants with stronger

instrument-exposure associations γ̂j will be closer to the true

causal effect parameter than variants with weaker

associations.

• NO Measurement Error (NOME) – requires no measurement

error to be present in the instrument-exposure associations.

This allows the variance in the set of variants J to be

estimated as var(β̂j) =
σ2

Yj

γ̂j
.

31 / 42



Multiple genotypes – MR-Egger regression (Bowden et al., IJE,

2015)

Γj : genotype-disease coefficients

γj : genotype-phenotype coefficients

Γ̂j = β0 + β1γ̂j + εj , εj ∼ N(0, σ2) weighted by σ−2
yj

• MR-Egger intercept: average directional pleiotropic effect

across the set of variants

• MR-Egger slope: corrected causal effect estimate
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Software implementations

• MendelianRandomization R package on CRAN (Yavorska &

Burgess, IJE, 2017)

• TwoSampleMR R package related to MR-Base

(https://mrcieu.github.io/TwoSampleMR)
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• mrrobust Stata package:

• IVW and MR-Egger regression approaches, including fixed

effects MR-Egger regression, standard error correction, and

weighting options.
• Unweighted, weighted and penalized weighted median IV

estimators, providing pleiotropy robust estimates in cases

where fewer than 50% of the genetic instruments are invalid.
• Presentation of heterogeneity statistics, and statistics such as

I2
GX for use in assessing attenuation bias.

• Plotting tools to visualise IVW, MR-Egger, and weighted

median estimators.
• Illustrative examples and documentation using data from Do et

al. Nat Gen, 2013.
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I2
GX statistic

• NOME violated - individual variants suffer from weak

instrument bias – attenuation of MR Egger estimates to the

null.

• Assess NOME assumption with I2
GX statistic, Bowden et al.,

IJE, 2016. I2
GX =

σ2
γ

σ2
γ
+s2 ; βE = βI2

GX

σ2
γ : variance of true genotype-exposure associations

s2: additional variability among γ̂j (due to ME)

• Degree of attenuation bias in the MR Egger estimate.

• I2
GX of 0.7 represents an estimated relative bias of 30%

towards the null.

• I2
GX low use SIMEX or Bayesian error in variables methods.
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Applied Example: Adiposity and Rheumatoid Arthritis

Median estimators are reliant upon the proportion of valid

instruments being greater than 50%.
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Figure 1: Scatterplot showing ratio estimates for each variant and MR estimates. 

 

���2
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Summary

• Corrected SEs for TSRI estimators

• Bootstrap both stages, Newey, or Terza SEs have best

properties
• Avoid using heteroskedasticity robust SEs second stage

• mrrobust Stata package:

• IVW, MR-Egger, Median sensitivity analysis models
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Thanks for your attention.

Any questions?
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